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ABSTRACT

We develop the theory of higher prolongations of algebraic varieties over
fields in arbitrary characteristic with commuting Hasse-Schmidt deriva-
tions. Prolongations were introduced by Buium in the context of fields of
characteristic 0 with a single derivation. Inspired by work of Vojta, we
give a new construction of higher prolongations in a more general context.
Generalizing a result of Buium in characteristic 0, we prove that these
prolongations are represented by a certain functor, which shows that they
can be viewed as ‘twisted jet spaces.” We give a new proof of a theorem
of Moosa, Pillay and Scanlon that the prolongation functor and jet space
functor commute. We also prove that the m-th prolongation and m-th
jet space of a variety are differentially isomorphic by showing that their
infinite prolongations are isomorphic as schemes.

Introduction

Prolongations of algebraic varieties over a differential field of characteristic 0
were introduced by Buium [Bui92], and have also been considered in more
general contexts [BV95, BV96, Sca97, MPS07]. The purpose of this paper is to
develop the basic theory of prolongations of algebraic varieties over fields with
finitely many commuting Hasse-Schmidt (or ‘higher’) derivations. Let us begin
by describing the idea behind Buium’s construction and the connection to jet
spaces of varieties. We then describe the content of the paper in more detail.
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Let (K,9d) be a differential field and let R = K{z1,...,%,} be the ring of
differential polynomials, which is the polynomial ring in the infinitely many
variables 6"x;,0 < n and i < m. We say that f € R has order < n if for every
variable 87z; that occurs in f, one has j < n. Observe that the set of elements
of order < n is a subring of R. Elements of R can be viewed as functions on
affine m-space A™ = K™ in a natural way.

More generally, let X C A™ be an affine variety over (K,0) and let A be
the ring of regular functions on X. As above, there is a natural way to define
the ring of differential polynomial functions of order < n on X, called the n-th
prolongation of A, which in this introduction we will denote A™. Likewise, the
n-th prolongation of X is P, (X) = Spec A(™). Thus, there is a bijection between
differential polynomial functions on X of order < n and regular functions on
P, (X). For each n, there is a natural ‘projection function’ 7, : P,(X) — X,
as well as a differential polynomial map V,, : X — P,(X), which is a section
of m,. In local coordinates, given @ € X, V,(a) = (@,0(@),...,0"(a)). Any
differential polynomial function of order < m on X factors as the composition
of V,, with a regular function on P, (X).

One can also define the infinite prolongation A(>®) of A as the ring of all
differential polynomial functions on X, and the infinite prolongation P (X)
as Spec A°). In this case, A(>) is naturally a differential ring, so that X (>
will be what Buium calls a D-scheme, that is, a scheme over a differential field,
equipped with a sheaf of differential rings. Note also that P, (X) is a pro-
algebraic variety Poo(X) = lim P, (X). As usual, everything above globalizes
to arbitrary varieties.

In an appendix to [Bui93], Buium notes that prolongations are closely related
to jet (or arc) spaces of varieties, which have been studied extensively in recent
years (for example, [DL99, Cra04]). Recall that the K-valued points of the n-th
jet space of a variety are the K|[z]/z""1-valued points of the variety itself. Al-
ternatively, the n-th jet space represents a certain functor, implicit in the above
characterization. What Buium observed was that his prolongations represent
a twisted version of this functor. Further, given a variety that descends to the
field of constants, its n-th prolongation is isomorphic to its n-th jet space. The
connection between jets and prolongations does not play a significant role in
Buium’s theory, but it is central to the present work.

Below, we develop the theory of prolongations in a rather different way than
Buium, who built on earlier work of Johnson [Joh85]. Our approach was inspired
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by Votja [Voj06], who gives an elegant construction of jet spaces using higher
derivations. The starting point for this paper was the observation that, over
a differential field, one can modify Vojta’s idea so as to define prolongations
in a similar manner. This perhaps further clarifies the relation between jets
and prolongations. It also leads to a rather direct proof that prolongations rep-
resent the twisted jet functor introduced by Buium. We should also mention
Gillet’s paper [Gil02], where he develops the theory of prolongations using ad-
joint functors, which allows him to give new proofs of earlier results of Buium
and Kolchin.

Our work was also motivated by a recent paper of Moosa, Pillay, and Scan-
lon [MPSO07] on the model theory of differentially closed fields in characteristic
0 with finitely many commuting derivations. In that paper, the prolongation
of an algebraic variety is actually defined in terms of the twisted jet functor.
The authors then go on to define more generally prolongations of differential
algebraic varieties, which are not treated here. We hope that our paper could be
read helpfully as a companion to theirs. Good references for the model theory of
differential fields include [Mar06, Pil02, Sca02]. For applications to diophantine
geometry, see, for example, [HP00, PZ03, Pil04].

Let us also say something about higher derivations. These are defined below,
but the basic idea is that a ring can be equipped with a sequence of additive
maps, (Do, D1, ..., Dy, ...), with Dy a derivation and each D,,,, m > 1, an ana-
log of the m-th power of this derivation. In characteristic 0, they are essentially
equivalent to ordinary derivations, but in positive characteristic, higher deriva-
tions are more general and rather natural to use, for example, for developing
differential Galois theory [MvdP03]. From a technical point of view, also, it
was more straightforward to adapt Vojta’s construction to fields equipped with
higher derivations.

SUMMARY OF RESULTS. In Section 1, we begin by recalling the definition of a
higher derivation (of order m) from an R-algebra A to an R-algebra B. We
then introduce the notion of a higher derivation over a differential ring (R, D),
and show that there is a universal object H ZL/( r,p)» Which is analogous to
the module of Kéhler differentials (24,5 in the usual case. This is the m-th
prolongation of A, and we establish some basic properties of it. (In the first
three sections, we restrict our attention to fields with a single higher derivation.



242 ERIC ROSEN Isr. J. Math.

In Section 4, we briefly explain how to generalize our results to fields with
commuting derivations.)

In Section 2, we define the m-th prolongation of a variety, which is by this
point straightforward. We then prove a characterization of prolongations in
terms of representable functors, a result due to Buium in characteristic 0. We
also give a new proof of Moosa, Pillay, and Scanlon’s theorem that the jet space
functors and prolongation space functors commute.

In Section 3, we develop the foundations of Buium’s theory of D-schemes
in arbitrary characteristic. Here we also prove the main result of this paper,
that the m-th prolongation of a variety is isomorphic to its m-th jet space.
Previously, this had only been known for m = 1, where the 1-st jet space is just
the tangent variety.

Finally, in the last section of the paper, we develop the theory of prolongations
over fields with commuting derivations, generalizing the methods in the earlier
sections of the paper.

CONVENTIONS. Let N = {0,1,2,...} denote the set of natural numbers, and
NT = N\ {0}. Throughout the paper, the variable m will range over the ordered
set NU {oo}, with n < oo, for all n € N. Variables 1, j, k,! will range over N.
We frequently write, for example, ¢ < m, as shorthand for ¢ < m, if m € N, and
i < m, if m = co. Likewise, ¢ = 0, ..., m should be taken to mean exactly that,
if m € N, and to mean i = 0,1, ..., if m = co. We hope that such shorthand
will not lead to any unclarity in the presentation.
All rings are commutative with unit.

1. Higher derivations

Definition 1.1 (See [Mat89] or [Voj06]): Let R be aring, f: R — Aand R — B
be R-algebras, and m € NU {co}. A higher derivation of order m from
A to B over R is a sequence D = (Dy,...,Dy,), or (Do, Dy,...) if m = oo,
where Dy : A — B is an R-algebra homomorphism and D1,...,D,, : A — B
are homomorphisms of (additive) abelian groups such that

(1) Di(f(r)) =0forallr € R and i > 1;

(2) (Leibniz Rule) for all a,b € A and k < m,

Dy(ab) = > Di(a)D;(b).

i+i=k
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Let Der'; (A, B) denote the set of such derivations.

Higher derivations are also called Hasse—Schmidt derivations.
Instead of condition (1), Matsumura requires the D; to be R-module homo-
morphisms, which is equivalent. Below, we will write (Dy, ..., Dy,), etc. even

when m = oo.

Example 1.2: With R, A, B, and m as above, if Q C B C A and D is a usual
derivation from A to B over R, then D; = i—l!Di,i < m, is a higher derivation.

This is a relative notion of higher derivation. Viewing rings A and B as Z-
m

algebras, one also gets an absolute notion. Write Der™ (A4, B) for Dery' (A, B).

Remark 1.3: Let R, A, B, and m be as above, and D = (Dy,...,D,,) be a
sequence of maps from A to B. There is an equivalent condition for D to be a
higher derivation that will be useful below.

For m < oo, let B, = B[t]/(t™1), the truncated polynomial ring, and for
m = oo, let B, = BJ[[t]], the ring of power series. It is easy to check that D is
a higher derivation if and only if the map g : A — By,

a+— Do(a) + D1(a)t + -+ Dp(a)t™

is a homomorphism of R-algebras. In the special case R = C, A = C(z),
B =C, and D; = 4d'/dz, this says that the map taking a function f(z) € A to
its (truncated) Taylor series expansion around 0 is a C-algebra homomorphism.

Observe that Der'y (A, —) is a covariant functor from (R-algebras) to (Sets),
and is represented by a (graded) R-algebra that Vojta calls HSQ/ R, Which is
also an A-algebra. (See also Remark 1.10.(1) below.) For m = 1, HS},  is just
the symmetric algebra on Q4.

Definition 1.4: Let A be an R-algebra. A higher derivation on A is a sequence
of maps D € Dery (4, A) such that Dy = Id4. In this case, we call (4,D) a
D-ring over R. A homomorphism f : (A4,D) — (B,D) between D-rings
over R is an R-algebra homomorphism such that f(D;(a)) = D;(f(a)), for all
a € A and all i. We will often be interested in the case when A is just a ring
(that is, a Z-algebra) and call (A, D) simply a D-ring. The set of constants of
(A, D) are those a € A such that D;a =0, for all i > 1. Given (4, D), say that

D is iterative if for all 4,5, D; o D; = (iJ;j)DiH.
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Below we will only consider iterative D-rings. Note that it does not make
sense to talk of a higher derivation from one ring to another being iterative.

Remark 1.5: As above, let A, = A[t]/(t™"!), for m < oo, and Ay, = Al[t]].
Let h : A,, — A be the homomorphism sending f(t) € A,, to f(0) € A. Then a
sequence of maps D = (Dy,...,D,,) from A to A is a higher derivation if and
only if the map d : A — A,,, with d(a) = Y., D;(a)t’, is a homomorphism
and hod=Tda. -

Derivations on a ring extend uniquely to localizations (see [Mat89], Theorem
27.2, or [Oku87], Section 1.6, Theorem 1).

LEMMA 1.6 (Quotient Rule): Let (A, D) be a D-ring. For all invertible b € A,

and n € N,
1 -1 1
D, (2)=22 D) -Dyi(=)).
()3 (zo0 )
To obtain this, observe 0 = Dy, (1) = Dyp(b- 3) = > i<n Di(b) - Dn—i(3)), and
solve for Dy ().

LEMMA 1.7: Let (R, D) be a D-ring, and S a multiplicative subset of R. Then
there is a unique extension of D to S™'R.

We now introduce higher derivations on R-algebras when (R, D) is also a
D-ring. This is closely related to Buium’s prolongations, where (R,d) is a
differential ring, A is an R-algebra, and one considers derivations on A that are
‘compatible’ with 4.

Definition 1.8: Let (R,D) be a D-ring. An R-algebra A, given by f: R — A,
is an (R, D)-algebra if for all € R and all 4, f(r) = 0 implies f(D;(r))=0; in
other words, Ker(f) is a D-ideal.

Let f: R — A and B be (R, D)-algebras. A higher derivation from A to
B of order m over (R, D) is a sequence ¢ = (dg,...,0m) such that o : A — B
is an R-algebra homomorphism, d; : A — B,1 < i < m, are (additive) abelian
group homomorphisms, and

(1) 6i(f(r)) = 6o(f(Di(r))), for r € R;
(2) (Leibniz Rule) dx(ab) = >, ;_; di(a)d;(b), for a,b € A.

Let Der(g p)(A, B) denote the set of such derivations.
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Note that if (R, D) is trivial, that is, Dy = Idg and D; = 0, ¢ > 1, then this
reduces to Definition 1.1.

As above, given an (R, D)-algebra A, Der?}ig)(A, —) is a covariant functor
from ((R, D)-algebras) to (Sets), which we will now observe to be representable.

Definition 1.9: Let (R, D) be a D-ring, f : R — A an (R, D)-algebra. For all
m, define HS}{ /(g p) to be the A-algebra that is the quotient of the polynomial
algebra A[z()],c 4 1<i<m by the ideal T generated by:

(1) (z+y)@D -2 -y g yecdi=1,...,m;

(2) (zy)® — Ziﬂ:k zWy@) zye A k=1,...,m;

(3) f(r)®D — f(Di(r)):r €Ri=1,...,m.
In A[z®], we identify z € A with (%), There is a universal derivation d =
(do, ..., dm) : A— HS}/ (g py such that for i <m and z € A, d;(z) = 2.

Remarks 1.10: (1) With the above notation, if (R, D) is a trivial D-ring,
then HS')) (g p) is the same as Vojta’s HS)/z. In general, though,
HS}/(g,p) is not naturally graded, because of condition (3).

(2) For m =1, we get the first prolongation in the sense of Buium.
(3) For 0 < m < n < oo, there are natural A-algebra homomorphisms
fmn t HSY (g py — HS% /(g p)- These form a directed system, and
HSZ)(r.p) = I HS} (5 p).
€N

Definition 1.11: Let (R, D) be a D-ring. A D-(R, D)-algebra is a D-ring (4, D)

that is also an (R, D)-algebra via some map f : R — A, such that the derivation

on A is compatible with that on R. That is, for all » € R and all ¢, D;(f(r)) =

F(Di(r)).

LEMMA 1.12: Given an (R, D)-algebra A, there is a canonical way to make
HSY)(r,py into a D-(R, D)-algebra.

Proof. Extend the universal derivation d : A — HSZ) (g py to an (iterative)
higher derivation on HSY, (g py by setting

d; (x(j)) = ()20t m
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Definition 1.13: Let (R, D) be a D-ring. Let

R[t]/(t™*1)  for m < oo
RJ[[t]] for m = 0o

Ry =

For each m, we define a ‘twisted’ homomorphism e : R — R,, by e(r) =
Do(r) + Di(r)t +--- + Dp(r)t™. Let R,, be the R-algebra isomorphic to R,,
as a ring, and made into an R-algebra via the map e : R — R,,.

Let f: R — B be an (R, D)-algebra. Define B, = B[t]/(t™"!), for m < oo,
and B, = B[[t]]. Let B,, be the ring B,, made into an R-algebra via the map
f: R — B,, that sends

r= f(Do(r)) + f(D1(r))t + -+ f(Dm (1)t

PROPOSITION 1.14: Let (R, D) be a D-ring. For all m, R,, and R,, are iso-
morphic as R-algebras.

Proof. Suppose first that m < co. We claim that the map ¢ : Ry, — R, with
P(r) = e(r) = Do(r) + Di(r)t + -+ + Dy (r)t™, for r € R, and ¢(t) = t is
an isomorphism of R-algebras. Clearly, v is a homomorphism, so it suffices to
check that it is injective and surjective.

Let @ = ag + a1t + - -+ + amt™, so P(a) = e(ag) + e(ar)t + -+ + e(am)t™.
Rearranging terms, one gets

1/)((1) = a0+(Dl(a0)+a1)t+(D2(a0)+D1(a1)+a2)t2+~ . +(Dm(a0)+ . +am)tm

Suppose that ¥ (a) = 0, so in particular each coefficient of (a) as a polynomial
in ¢t is 0. Thus, ap = 0. Looking at the next term, 0 = D(ag) + a1 = as.
Continuing this way, one sees that all of the a;’s are 0, so a itself is 0 and ) is
injective.

To show that v is surjective, it suffices to show that for each r € R, r =
740t + -+ 0t™ € Ry, is in Im(zp). (Of course,  # 1(r).) For fixed r, we
iteratively define a sequence, cg, c1, . . . , Cm, Of elements of R,, with the following
properties. One, for all i < m, the constant term of ¢¥(¢;), as a polynomial in
t,is r. Two, for i > 1, and 1 < j < i, the coefficient of ¢/ in (c;) is 0.
Then 9 (cy,) = r, as desired. Set ¢y = r. For the iterative step, suppose that
co, ..., ¢ have been defined, and that ¥ (c;) = 7 + a; 1t + -+ + @, t™. Let
cit1 = ¢; — a; 41t Clearly, this procedure yields such a sequence.
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For m = oo, given the isomorphisms ¢, : R; — Ri, 1 < 0o, it suffices to note
that Rs and R are the inverse limits of {Ri}i<oo and {RZ—}KOO, respectively.
The required isomorphism oo : Re — Roo is again given by sending r € R to
e(r), and sending ¢ to t. |

More generally, we have the following.

PROPOSITION 1.15: Let (R, D) be a D-ring, and B an (R, D)-algebra such that
D extends to a derivation on B. Then Bm = B,,, as R-algebras.

Proof. Choose a derivation D on B extending (R,D), and then argue as
above. |

For fields of characteristic 0, any (higher) derivation on a field K can be
extended to a derivation on any extension field L O K, so one has the following
corollary.

COROLLARY 1.16: Let (K, D) be a D-field of characteristic 0 and L O K an
extension field. Then L, = L,,, as K -algebras.

On the other hand, L,, and im are not always isomorphic.

PROPOSITION 1.17: Let (K, D) be a D-field of characteristicp > 0, and let L be
a purely inseparable algebraic extension of K, such that thereisana € L,b € K,
with a? = b and D1(b) # 0. Then for eachm > 1, L, and L,, are not isomorphic
as K-algebras.

Proof. We show that there is no K-algebra homomorphism from L to L,
which immediately implies the proposition. In particular, we argue that any
such homomorphism would give an extension of D; to a derivation on L, which
is impossible (as 0 # D1(b) = Di(a?) = pa?~'Di(a) = 0, contradiction).
Suppose that ¢ : L — L, is a K-algebra homomorphism. For all ¢ € K,
¢(c) = Do(c) + Di(e)t + -+ + Dp(e)t™. For x € L, write ¢(x) =
do(x)+o1(x)t+- - -+ b ()™, with ¢; : L — L, for i = 0,...,m. We claim that
for all z € L, ¢o(z) = x. Indeed, this is clear for x € K, as ¢o(z) = Dy(x) = x.
Otherwise, zP" =y, for some n and some y € K. Then

(@) = (do(@) + d1(a)t + -+ (@)™ = Go(@)" +1 - g(1)

and also

n

$(x)"" = p(a"") = ¢y) = Doly) +t - (1)
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with g(t), h(t) polynomials in L[t]. Thus ¢o(x)?" = Do(y) = y, so ¢o(z) = =,
as desired.

By the claim, (L, ¢) is a higher derivation of order m that extends (K, D).
In particular, ¢; is an extension of D; to L, which is impossible. |

PROPOSITION 1.18: Let (R,D) be a D-ring, R — A and R — B be (R, D)-
algebras. Given a higher derivation 6 = (bo,...,0m) : A — B there ex-
ists a unique (R, D)-algebra homomorphism, ¢ : HS g py — B such that
(00, ---,0m) = (¢pody,...,¢ody). Thus HS%)(r,D) (together with the universal
derivamon d: A — HS%) g p)) represents the functor Der('y p)(A, —).

Proof. Define ¢g : Alz™],ca.i=1...m — B by 29 s §;(x). By the construction
of the ideal I C A[ac(i)] and properties of derivation, we get that Ker(¢g) 2 I,
so there is an induced map ¢ : HS%/(R_’Q) — R. As § = ¢od, ¢ is unique. Thus
the map

Hompg(HSY) (g p), B) — Der(g p)(A, B)
is bijective. |

Compare the following proposition to Remark 1.3.

PRroPOSITION 1.19: Let (R,D) be a D-ring, f : R— A,g: R — B be (R, D)-
algebras. Given a derivation § = (dg,...,0m) € Der{'}%yg)(A, B), define a map

¢ = ¢§ A — Bm by ¢(a) = 50(@) + 51(a)t + -+ 6m(l‘)ﬁm- Then ¢§ S
Hompg(A, By,) and the map

0+ ¢s : Der(p py(A, B) — Hompg(4, Bp)
is a bijection.
Proof. The ¢; are homomorphism of the additive groups, so ¢ is also. The
Leibniz Rule implies that ¢ is multiplicative, so it only remains to show that

o f =g, where § : R — B,, is the homomorphism that makes B,, into an
R-algebra. Check,

¢o f(x) =0do(f(x)) + 01(f(@))t + -+ dm(f(x))t™
= 00(f(2)) + So(f (D1 ()t + ... + 0o (f (D (2)))t"™
=g(@) + g(D1(@))t + ... + g(Dm(2))t™ = g(x)
This establishes injectivity. To show surjectivity, we just reverse the direction
of the argument. Suppose that h : A — B,, is an R-algebra homomorphism,
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which we can write as h(a) = ho(a) + h1(a)t + - -+ + hm(a)t™, each h; a map
from A to B. We claim that {h; : ¢ < m} is a higher derivation from A to B.
Clearly the h; are additive and satisfy the Leibniz Rule. So it suffices to show
that for r € R and ¢ < m, hi(f(r)) = ho(f(D;(r))). Since h is an R-algebra
homomorphism, one has h;(f(r)) = ho(f(D:i(r)) = g(D;(r)). |

The next corollary follows immediately from Proposition 1.18 and Proposi-
tion 1.19. It is the main point in the characterization of prolongations in terms
of representable functors.

COROLLARY 1.20 (Buium): There is a natural bijection
HomR(HSZ/(R,g), B) — Hompg(A, Bm)

The next result is due to Buium [Bui93] and Gillet [Gil02] in a slightly dif-
ferent context. In fact, Gillet defines the prolongation functor to be the left
adjoint of the forgetful functor from differential algebras to algebras.

PROPOSITION 1.21: Let (R, D) be a D-ring, Algy be the category of (R, D)-
algebras, and D-Algp be the category of D-(R,D)-algebras. Let U be the
forgetful functor D-Algp, — Algp. Then the functor F' : Algp, — D-Algp,
sending A to HS%O/(RQ), is the left adjoint of U.

Proof. Essentially immediate from the explicit construction given of HSZO/( R.D)-
That is, given an R-algebra map f: A — (B,QB), there is an obvious, unique
way to lift f to a D-(R,D)-algebra map f*° : HSf/(R,Q) — (B,DP). For
example, for z(V) HSY)(r,p), * € A, then (@) = DE(f(x)). [ |

The next result is what Vojta calls the second fundamental exact sequence,

adapted to our context. For completeness, we include his proof, which carries
over directly.

PROPOSITION 1.22 (Second fundamental exact sequence): Let (R, D) be a D-
ring and R — A — B a sequence of ring homomorphisms. Assume that A — B
is surjective, and let I be its kernel. Let J be the ideal in HSZ/(R,Q) generated
by {d;x : i < m,x € I'}. Then the following sequence is exact.

0 — J — HS%)(r.p) — HSE/(r,p) — 0

In the definition of J, it suffices to let x vary over a set of generators of 1.
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Proof. Exactness on the left is immediate. The natural map h : HSY g py —
HSE/(r,p) s surjective and its kernel contains J, so it remains to show that
Ker(h) = J.

From the definition of HS™, we have the following commutative diagram.

0— K — AlzW],cn,i-1 — HSY)(r.py) —=0

Lf lg lh
0 — K' — BlzW),epiz1,...m — HSEB/(rp) —= 0

By Definition 1.9, the map f is surjective, so by the Snake Lemma, Ker(g) maps
onto Ker(h). But Ker(g) is generated by

Tu{diz—diy:i=1,....,m; z,y€ A; v —y € I}.
This implies that the kernel of h is generated by the set
{diz:i=0,...,m, x € I},
as desired. |

The next two results also occur in Vojta [Voj06].

PROPOSITION 1.23: Let (R, D) be a D-ring, and A = R[z;];cr. Then HSZL/(RQ)
is the polynomial algebra A[djxi]iel,jzl,...,nw

Proof. Essentially obvious, but also proved in [Voj06]. |
COROLLARY 1.24: Let A be an (R, D)-algebra, A = R[x;)ic1/(fj)jes. Then

HSZL/(R-,Q) = Aldpzilier k=1,...m/(dx.fj)jerk=1, . m-

Suppose further that all of the coefficients of the polynomials f;,j € J, are
constants in the ring R. Then HSZL/(RQ) is the same as HS’X/R, as defined by
Vojta.

Proof. The first statement follows from Propositions 1.22 and 1.23. The second
follows from the first, and the analogous statement from [Voj06]. i
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2. Prolongations

In this section, we assume throughout that (K, D) is a D-field. Probably every-
thing also works over D-rings. We define prolongations of schemes/varieties over
(K, D). In characteristic 0, we essentially get Buium’s prolongations, though
there is a slight difference since we are using higher derivations. The construc-
tion of the prolongations is direct, but the results of the previous section provide
the connection with representable functors. In characteristic 0, this agrees with
Buium, but in characteristic p > 0, it avoids problems that would arise if one
tries to adapt Buium directly to characteristic p, involving ‘dividing by p.’

LEMMA 2.1: Let A be a (K, D)-algebra and S a multiplicative subset of A.
Then there is an isomorphism

HSTAH/(Kﬂg) ®A S_lA —_— HSngA/(K,Q)

Proof. For all a € A, let @ denote the image of a in S~ A under the canonical
map. We show that the natural map ¢ that sends d;a® s~ 'b to s~ 1b-d;a, for all
a,b€ A;s € S, and i < m, is an isomorphism. Clearly, ¢ is a homomorphism.
By the quotient rule, for i < m and s~'b € S7'A, d;(s~'b) can be written as
s "¢, for some ¢ € HSZ/(K,Q), so ¢ is surjective. To show that ¢ is injective, it
suffices to define its inverse. Let s~'b € S~'A. We want to define ¢~ (d;(s~'b))
as ¢ ® s~", but for this we need to check that if s='b = ¢t~ in S~ A, then
¢~ (d;(s71b)) = ¢~ 1(d;(t~'€)), for all i < m. To simplify the presentation, let
us assume that s =t = 1. As b = ¢ in S~'A is equivalent to there being an
s € S such that s(c—b) = 0 in A, it suffices for us to show that for all a € A, if
@ =0in S7'A, that is, there is s € S such that sa = 0 in A, then d;a® 1 =0
in HS (g p) ®a ST A, for i <m.

We argue by induction on ¢. The case ¢ = 0 is obvious, so assume that we
have proved that dja ® 1 = 0 in HSY}) ;. p) @4 S™' A, for all j <. Then

O=sa®l=d(sa)®1= Y (dsdpa®1)=sdia®l=(da®1)(1®s),
jHk=i
so (dia ® 1) = 0 in HSY ) (x p) ®a S™'A, as desired. 1
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The next theorem is the differential version of Theorem 4.3 of [Voj06], and is
an easy consequence of Lemma 2.1, exactly as in Vojta.

THEOREM 2.2: Let X be a K-scheme. For all m, there exists a sheaf of Ox-
algebras HSY ) py such that (i) for each open affine Spec A C X, there is an
isomorphism

¢4 : T'(Spec A, HS}L/(KQ)) — HSZL/(KQ)
of (K, D)-algebras, and (ii) the various ¢4 are compatible with the localization
isomorphism of Lemma 2.1. Moreover, the collection ((HS%,(k p)), (¢a)a) is

unique.

Definition 2.3: Let X be a K-scheme. For all m, the m-th prolongation of X
is the scheme
Py (X/(K, D)) := Spec HSY) (k p)-
Suppose that A is a (K, D)-algebra. We write
Prn(A/(K,D)) = Pn(Spec A/ (K, D)),

which equals Spec HS x py.-
We will also write X (™ or P,,(X) for P,,(X/(K,D)).

(For the definition of Spec, see, for example, [Har77] Ch. II, Ex. 5.17.)

Recall that K,,, = K[t]/(t™T1), for m < co, Ko = K][[t]], and that e : K —
K,, denotes the twisted homomorphism. We also let e : Spec K, — Spec K
denote the corresponding twisted morphism of schemes. Given a K-scheme Y,
let (Y x x Spec K, )] denote the scheme (Y x g Spec K,,) made into a K-scheme
via the map eop: (Y Xk Spec K,,,) — Spec K, where p : (Y X g Spec K,;,) —
Spec K, is the canonical projection.

THEOREM 2.4 (Buium): Let X be a K-scheme. For all m, the scheme P,,(X)
represents the functor from K-schemes to sets given by
Y — Homg ((Y Xk Spec K, ), X).

Proof. For X and Y affine, this follows immediately from Corollary 1.20. The
general case follows by gluing affines. |

Recall that given a K-scheme X, the m-th jet space of X, which we denote
Jm(X), is the scheme that represents the following functor from K-schemes to
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sets.

Y — Homg (Y Xk Spec Ky, X)
Buium’s theorem clarifies the relationship between prolongations and jets. One
also has the following fact, due again to Buium.

PROPOSITION 2.5: Let X be a (K, D)-scheme such that X = X’ x¢ Spec K,
where C' is the field of constants of K, and X' is some C-scheme. (That is, X
descends to, or is defined over, C.) Then for all m, P, (X) & J,(X).

Proof. This follows from Corollaries 1.24 and 2.10, below, and the description
of jets in [Voj06] (see, for example, Theorem 4.3 and Definition 4.4). ]

The next result, due to Moosa, Pillay, and Scanlon, generalizes the well-
known fact that for all m,n < oo, Jp(Jn(X)) = Jn(Jm(X)), which can be
seen by observing that they represent the same functor. In the original version
of [MPSO07] it was stated without proof. A revised version contains a proof using
the Weil restriction.

THEOREM 2.6 (Moosa, Pillay, and Scanlon): Let X be a K-scheme. For all
m,n < 00,
I (Pr(X)) = P (Jm (X))

Proof. We include two proofs. The first is direct and uses the construction of
jets and prolongations from [Voj06] and this paper. The second, closer in spirit
to [MPSO07], shows that J,, (P, (X)) and P, (J, (X)) represent the same functor.

It suffices to prove this for affine schemes, so assume that X = Spec A. Even
though K is a differential field, we will use HSY,x to denote the A-algebra
defined by Vojta, which is defined exactly like HS;’{/(KQ) in Definition 1.9,
except that one replaces condition (3) with

f(r)(i) rek, i=1,...,m.
The point from our perspective is that Spec HSZ‘/K is the m-th jet space of X,
while Spec HSY (i py is the m-th prolongation of X. Thus

JIm(Pn(X)) = Spec HSESZ/(K,Q)/K

and
Py (Jim(X)) = Spec HS?IS?X/K/(K’Q).
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We want to show that the two K -algebras above are isomorphic. Let us use d for
the universal derivation on HS™, corresponding to jets, and ¢ for the universal
derivation on HS"™, corresponding to prolongations. An arbitrary element of

HSTign x can be written as a sum of terms

hyaepy/
diéja: ng, ]Sn, (IGA,
and an arbitrary element of HSHSZL/K/(KVQ) as a sum of terms
djdia: i<m, j<n, a€A
We claim that the K-algebra morphism 6 : HS?ILSZMK,Q)/K — HS%SZL/K/(KQ)
with 0(d;é;a) = d;d;a is an isomorphism.
First we check that 6 is well-defined. For example,
d; (;(a+b) — 6;(a) = §;(b)) =0,
so we check
0 (di(d;(a+b) = §;(a) — 6;(b))) = 6;(di(a +b) — di(a) — di(b)) = 0.
Likewise,

0 = dy( =Y bila = d;6;(ab) — Y di(0k(a)di(b))

k-Hi=j kHi=j

= dlé Z Z d’!)’L 6/6 dn 61 ( )

k+l=j m+n=1
And we check

<d5 =3 Y dmbi(a)dnéi )) Sidi(ab) — Y > Grdm(a)didn(b)

k+l=j m+4+n=1 m+n=1i k+4+Il=j

= Y 6i(dm(a)dna (b))

m-+n=1

sl 5 s

m+n=1

Finally, for ¢ € K, we have 0 = d;(d;(c) — doD;(c)). For i > 1,
0(di(0;(c) — doDj(c))) = d;di(c) — dodi(D;(c)) =0

and, for ¢ =0,

0(do(9;(c) = doDj(c))) = 8;do(c) — dodo(D;(c)) = 6;(c) — do(Dj(c)) = 0.
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Now that we know that 6 is well-defined, it is clear from the definition that
it respects sums and products. Finally, it is clearly a bijection, since there is an
obvious inverse.

We now give a second proof, along the lines of [MPS07]. Let Y be a K-scheme.
There are natural bijections

Hompg (Y, Jp (Pn(X))) ~ Homg (Y Xk Spec Ky, P (X))
~ Hompg (((Y xx Spec K,) X i Spec K,,); X)
and also natural bijections
Hompg (Y, P, (Jn(X))) ~ Homg (Y x g Spec K,,), Jm (X))
~ Hompg (((Y Xk Spec K,,) X i Spec K,,) , X)
Thus, it suffices to show that for all Y,
((Y x g Spec K,,) X Spec K, ) 2 (Y x g Spec K, ) X x Spec Kp,) .

In fact, it suffices to prove this for Y affine. We rephrase this as a ques-
tion about isomorphisms of K-algebras. Given a K-algebra C, let us write
(C®k K,,) for what we called C’n in Definition 1.13. This more closely parallels
our notation for schemes. That is, for Z = SpecC, then (Z x g Spec K,,) =
Spec ((C @r Kn)).

Everything reduces to showing that, for all Y = Spec B, the following are
isomorphic.

(Bok Kn) @k Kn) = (BOkx Kn) @k K,)~
Let us write K,, = K[t]/(t™"!), K,, = K[u]/(u"T), and use e for the twisted
map from K to K,.
Note that the ‘trivial’ map

that sends

(e f(t)®g(u) — (1 g(u) @ f(1))
is not well-defined. For example, for ¢ € K, in ((B ®x K, ®x Kn),

1el®ce)=01®e(lc)®1)
yet, in ((B RK Km) RK Kn):
p(1®1®c)# d(l@e(c)®1).
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But a slight variation of this map does work.

First we claim that any non-zero element of ((B ®x K,) ®x K,,) can be
written uniquely as a sum, 37, o, (b @ u? @t"). Clearly, it suffices to prove
this for elements of the form (b ® a1u’ ® ast'). And we see that

(b®aw! @ ast’) = (b® e(ag)aru! @ ') = Z (b ® Dy(az)aru/t* @ t')
k<n
— Z (Dk(dg)@lb@ Wt e ti) ,
k<n
as desired. Uniqueness is obvious. Next we observe that this also holds in the
algebra ((B®x Km) @K K, ). Note that (b®ajt'@asu’) € (B Kn) @x Kn)
equals (a1a2b @ t' @ u’).
Define
0 : ((B QK KnT®K K’m) B ((B QK Km) K Kn)v
by 0(b® v ®t') = (b®t' ®u’). Clearly, 6 is a ring homomorphism and
injective, but we need to show that it is K-linear and surjective. (This sounds

completely obvious, but thes make this more subtle than it first appears.) Let
ceK,(bou @t') € (B K,J®k Ky,). Then

c-bouw @t)=bew @)=Y (Dilcpau™ at)
k<n
and

0 ( Z(Dk(C)b uTF e ti)> = Z (Di(e)b @t @ ui™h)

k<n k<n

= Z (b®t' ® Di(c)ult)

k<n
= bt elc)!)=c- (bt @u?).
This proves K-linearity.

To prove that 6 is surjective, it will suffice to show that for all ¢ € K, that
1®1®c) € (B®k Kin) @k K,) is in the image of §. The rest then follows
easily. By Proposition 1.14, we can rewrite ¢ as ¢ = >, ., e(cx)u¥, so we get
that

(1®1®c) = (1®1®Ze(ck)uk) :Z(e(ck)®1®uk).

k<n k<n

Thus 9<Zk§n(e(ck)®uk®1)) =(1l®1l®c). |
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For completeness, we mention the following, which can be proved in the same
way as the previous theorem.

THEOREM 2.7: Let X be a K-scheme, m,n < co. Then
Pm(Pn(X)) = Pn(Pm(X))-

Remark 2.8: Let X be a K-scheme. For 0 < m < n < oo, the maps fyn :
HS'Y)(k,py — HS% /(k,py of Remark 1.10.(3) give rise to morphisms

fmn : BS% (k. p) — HS% (kD)

which again form a directed system.
In terms of schemes, the f,,, give morphisms
Tnm + P (X/ (K, D)) — P (X/(K, D))
which also form a directed system. By Remark 1.10.(3),
HS%)(x.p) = lim HSY (i p)
€N
and
Poo(X/(K, D)) = lim P(X/(K, D).
i€N
FUNCTORIAL PROPERTIES. There are numerous easy to verify functorial prop-
erties of these constructions, exactly as in [Voj06]. We only mention a few here.
Some more general results hold.
For all m, HS'}k p) is functorial in pairs (K, D) — A, and HS%Y,x p) and
P, (X/(K,D)) are functorial in pairs X — Spec K. Given a commutative
diagram

A— A

]

(K,Q) - (Klvg)
there is an induced commutative diagram

m HS:;1 m
HS%) (x.p) — HS% /(x D)

| !

A—mmA
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that takes d;a € HS')(k py to di¢(a) € HSY, )/ p) for all a € A and all i < m.
Two important cases are base change in (K, D), and functoriality in A, when
K = K'. One also has the following easy lemma.

LEMMA 2.9: Let A be a (K, D)-algebra, (K', D) a D-extension field of K, and
A" =A@k K'. Then HSY, )k py = HSY)(k p) ®k K' as A'-algebras.

Proof. Let ¢ be the map from HSY ) x/ py to HS%)(x py @K K’ that sends
de(a®c),k <m,a € A,c€ K, to) ;4 (dia®1)(1® Djc)). It is clear that

¢ is an isomorphism. ]

These properties carry over to schemes. The next result is an easy corollary
of the above lemma.

COROLLARY 2.10: Let (K, D) be a D-field, and let (K', D) be a D-field exten-
sion. Then for all K-schemes X and all m,
P (X xk Spec K') = P,,(X) x ¢ Spec K.
If f:X — X’is a morphism of K-schemes, one has the following commuta-
tive diagram, which lifts f to a map between prolongations.

P (f)
P (X) — Pn(X')

e

LEMMA 2.11: Let X, X’ be K-schemes, and f : X — X' a closed immersion.
Then P,,(f) : Pn(X) — P, (X') is also a closed immersion.

Proof. 1t is enough to check locally, on affines, where it follows from Proposi-
tion 1.22. |

The following propositions are versions of standard facts about jet spaces,
and can be proved in the same way (for example, see [Bli05]).

ProroSITION 2.12: Let f : X — Y be an étale morphism of schemes over a
D-field (K, D). Then for all m,

Po(X) = X xy Ppu(Y).
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Proof. We argue on the corresponding functor of points. For any K-scheme Z,
Hompg (Z, P (X)) ~ Homg ((Z X i Spec K, ), X)
Homg (Z, X xy Pp(Y))
~ Homg (Z, X') Xtiomy (z,v) Homg (Z, Ppn(Y))
~ Homg (Z, X) XHomy (z,v) Homg ((Z xk Spec K,),Y)
Consider the following diagram.

X———Y

N E
7 — (Z XK Spec Km)v

(with a diagonal arrow 7 from (Z X Spec K,) to X). A morphism 7 is a
Z-valued point of P,,(X), and determines a pair of morphisms

((b,’lb) S HomK(Z,X) XHomg (Z,Y) HOIDK((Z XK SpeCI(m)v,Yv)7

which determines a Z-valued point of X xy P,,,(Y). This gives the canonical
map from P, (X) to X xy Pp,,(Y), which does not depend on any properties of
the morphism f.

In the other direction, a Z-valued point of X xy P,,(Y) corresponds to a pair
of morphisms (¢, ¢) making the above diagram commute. By formal étaleness,
there is a unique 7 completing the diagram. Thus, the map taking (¢, ) to T
determines the inverse morphism from X xy P,,,(Y) to P,,,(X), as desired. |

PROPOSITION 2.13: Let X be a smooth scheme over the D-field (K, D) of
dimension n. Then for all m € N, P,,(X) is an A" -bundle over X. (That is,
X can be covered by open sets U such that P, (U) 2 U x g A™™.)

Proof. By hypothesis, X — Spec K is a smooth map, so, by [EGA], this implies
that there is a covering of X by open sets U;, such that for all i, the following

diagram commutes

|

K—>K
and g; is étale. By the previous proposition, P, (U;) = U; x A™™ as desired. |

By the same argument, one also gets the following.
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COROLLARY 2.14: Let X be an n-dimensional smooth scheme over the D-field
(K, D). Then for all m, P,,11(X) is an A™-bundle over P,,(X).

3. D-Schemes
Many of the definitions and results in this section are from [Bui93].

Definition 3.1: Let (K, D) be a D-field. A D-scheme over (K, D) is a K-scheme
X such that Oy is a structure sheaf of D-(K, D)-algebras. A morphism of D-
schemes is a morphism of K-schemes such that the map Oy — f,Ox is a map
of sheaves of D-(K, D)-algebras.

Example 3.2: Let X be a K-scheme. Then Py (X) is a D-scheme. Given a
morphism f : X — Y of K-schemes, the induced map foo : Pso(X) — Py (Y)
is a morphism of D-schemes.

PROPOSITION 3.3: Let (A,D) be an D-(K,D)-algebra. There exists a D-
scheme X = D-Spec(A, D) such that, forgetting the D-structure on X, X is
isomorphic to Spec A.

Proof. To show that one can add a D-structure to Spec A, it suffices to show
that the localization of a D-ring is itself a D-ring. This is the content of
Lemma 1.7. |

One also has the following D-version of a well-known fact from algebraic
geometry. (See [Har77], II. Ex. 2.4 and Prop. 11.2.3, or [EH00] Thm. 1-40.)

PROPOSITION 3.4: Let (A,D) be a D-ring, and (X,0x) a D-scheme. Then
there is a bijection:

X : Homp _sch (X, Spec A) — Homp_ring (4, T'(X, Ox)).
Proof. In the usual case, given a morphism f : X — Spec A, and the associated

map f# : Ogpeca — f«Ox, one gets a homomorphism A — I'(X, Ox) by taking
global sections. This gives a bijection

X : Homgen (X, Spec A) — Hompings (A4, T'(X, Ox)).

By definition, if f : X — D-Spec A is a D-morphism, then the induced ho-
momorphism A — T'(X,0x) is a homomorphism of D-rings, so one has an
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injection:
XD : Homp _gen (X, D-Spec A) — Homop _gring (4, I'(X, Ox)).

To verify surjectivity, it suffices to look carefully at the construction of ¥ ! in

[EH]. |
Remark 3.5: Let X C A™ be an affine K-scheme,
I'(X,0x) = Klxii=1,...n/(fi)je-
For all m, P, (X) is the closed subscheme of A™" =Spec(K [drx;]i=1,....n.k=0,....m)
with
I'(Pn(X),0p, (x)) = Kldrzili=1,... n,k=o0,...m/ (dr.f}) je 1 k=0,...,m-

(This follows from Proposition 1.24.) In particular, for every closed point
(a1,...,an) € X, the point (Dga;)i=1,... n k=o0,....m is in Pp(X). The canoni-

.....

..........

Next, we define D-polynomial maps between schemes, which we use to define
a section of the canonical map 7, : P (X) — X.

PROPOSITION 3.6: Let (K,D) be a D-field. The prolongation functor, that
takes a K-scheme X to the D-scheme P, (X), is the right adjoint to the forgetful
functor Y — Y" from D-schemes to K-schemes.

Proof. In [Bui93], p. 1405. This also follows easily from Proposition 1.21. ]

Recall that given a K-scheme X, a K-rational point of X is a K-scheme
homomorphism from Spec K to X. Likewise, if X is a D-scheme, we will say
that a K-rational point of X is a D-scheme homomorphism from D-Spec K to
X. Of course, a D-morphism f : X — Y naturally induces a map between their
K-rational points. The previous proposition immediately implies that there is
a natural bijection between K-rational points of X and of Py (X).

Definition 3.7: Let X,Y be K-schemes, and f : Px(X) — Px(Y) be a D-
morphism. The natural bijections
X : Homg (Spec K, X') — Hom g p)(D-Spec K, Poo (X))

and
¢ : Homg (Spec K,Y) — Homg py(D-Spec K, Poo(Y'))
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and the induced map
fe Hom g, p)(D-Spec K, P (X)) — Hom g, py(D-Spec K, Poo (Y'))

determine a (set theoretic) map from K-rational points of X to those of Y,
given by ("1 o foy.

A D-polynomial map from X to Y is a map on K-rational points of the
form (=1 o f o x, for some D-morphism f : P (X) — Po(Y).

Schemes X and Y are D-polynomially isomorphic if there are D-polynomi-
almaps f: X Y and g: Y — X such that go f =Idx and fog=Idy.

Remark 3.8: Let X = Spec(K[z;]i<n/(fj)jer), so that

P (X) = Spec(K[drii<n,k<oo /(A fj) jeskcoo)-

The bijection x takes h € Homg (Spec K, X ), which is determined by b; = h(x;),
i<n, to H€Hom g p)(Spec K, P (X)) determined by Dyb; = H(dpx;), i < n.

PRrROPOSITION 3.9: Let X be a K-scheme, and m < oo. There exists a D-
polynomial map V,, : X — P,,(X) that is a section of the canonical projection
P P (X) — X.

Let f: X — Y be a morphism of K-schemes. Considering f and P,,(f) as
maps on K-rational points, the following diagram commutes.

P,
Pu(x) 22 b (v)
va V’VTL
X 4>Y

Proof. By the adjointness of P, (—) and (—)', there is a natural bijection
Homp ((Pao(X))', P (X)) = Hom(g, p) (Poo(X), Poc (P (X))
Let f: Poo(X) — Pso(Pmn(X)) be the D-morphism corresponding to the canon-

ical projection from (Ps (X))' to Py, (X), and let V,,, be the D-polynomial map
corresponding to f. We show that V,, has the desired properties.
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It suffices to check locally, so suppose that X is given as Spec(K [x;]i<n (f5) )
By Remark 3.5,

PT)’L (X) = SpeC(K[dkxi]kgnb,ign/(dkfj)k§7n,j€J)
Poo(X) = Spec(K [dr@i]k<oc,i<n/(di fj)k<oc,jer)
Poo(Pm(X)) = SpeC(K[dldkxi]i§7z,k§m,l<oo/(gh)hEH)

where (gn)nem is the ideal generated by (didr f;) e k<m,i<oo- The D-morphism
from Py (X) to Ps (P (X)), corresponding to the projection morphism from
P (X) to Py, (X) is determined by the D-algebra homomorphism

K[didrxili<nk<m,i<oo/(gn)her — K[dpTilk<oo,i<n/(dkfj)k<oo,jer

that sends d;dix; to (k;:l)korll'i. One can then see that this determines the
D-polynomial map from X to P,,(X) that takes the closed point (a;)i<n to
(Drai)i<n k<m- By Remark 3.5, this is a section of my,.

Next we argue that P, (f) o Vx = Vy o f. Again, it suffices to prove this
for affine schemes, so assume that X = Spec K[Z]/I and Y = Spec K[g]/J. Let
S = K[z]/I and R = KJy]/J, and let f also denote the homomorphism from
R to S corresponding to f : X — Y. A K-rational point of X corresponds
to a homomorphism g from S to K, which is determined by the image of T,
so we think of a K-rational point as a tuple @ = g(T) of elements of K. Also
P (X) = Spec HSY) (k py is affine, and HS) x p) is generated by (dx2)zez k<m-
We saw above that

Vx(a) = (a,D1(a),...,Dn(a)).
More precisely, Vx(a) is the K-rational point of P,,(X) that corresponds to
the map that sends dyz € HSY)(k py to Di(g(z)) € K, for v € T.

Let f(@) =beY,b=(g0f(y))yey. Asabove, Vy (b) = (b, D1(b), ..., Din(b)).

As a map of K-algebras, Pp,(f) sends diy to dif(y), for y € g,k < m. Thus,
b

P (f)(@ D1(@), ..., Dm(@)) = (b, D1(b), ..., D (D))
as desired. |

The following result is new. It generalizes the well-known fact that the first
prolongation of a variety is differentially isomorphic to the tangent space. The
standard proof is geometric, using the existence, for any variety X, of a differ-
ential section V : X — P;(X), and fact that P;(X) is a T X-torsor. In contrast,
our proof below is completely algebraic, though in remarks after the proof we
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try to provide some geometric intuition. (Recall that, in general for m > 1,
Jm(X) is not a group scheme over X, so P, (X) is not a torsor under Jp,(X).
Thus one cannot generalize the standard proof.)

THEOREM 3.10: Let X be a K-scheme.
(1) Px(Pp(X)) and Ps(Jm (X)) are isomorphic as D-schemes.
(2) Py (X) and Jpn(X) are D-polynomially isomorphic.

Proof. Part (2) follows immediately from (1), so it suffices to prove (1). We
first establish this for affine schemes. The general argument follows by gluing.
Let X = Spec A. Note that

Poo(Pn (X)) = Spec (HS?sm/(K,Q)AK,Q))

A
and

Poo(Jim (X)) = Spec (HSI?IOST/K /(K,Q)) .
Thus we must show that HS?ST/(K,Q)/(K7Q) and HS?SZL/K/(KQ) are isomorphic

as D-(K, D)-algebras. Therefore, the theorem follows from the following
PROPOSITION 3.11: Let A be a (K, D)-algebra. Then
(HSHsm (K,Q)vQ) = (HSHSZ‘/K/(K,Q)ag) ~

Ay x.py/
Proof of Proposition. We first treat the case A a polynomial ring, A = K[z],
where T is a (possibly infinite) tuple. Write

R = HSIE.IOS'm

e/ (K.D) = K[didjTlocicos 0<ij<m,ven

= HSisy , /x,p) = Kldidjtlo<icoc 0<j<m ven-

(Note that d;é;x and d;0;z are individual symbols. One could just have well
written instead x;;, but the chosen notation is more suggestive. Below, we often
write d;x, or 9;z, for dodjz, or doO;z, since we are thinking of dy as the ‘identity
map.’) Observe that R and S are also D-rings, letting D;(d;0;z) = (iJlrl)dHléjac
in R, likewise for S. We often write D;0;x, or D;d;x, for d;0;z, or d;0;x.

These rings are obviously isomorphic, but we want to construct an isomor-
phism that we can also use in the general case, B = K[z|/I, I any ideal.

Let ¢ : R — S be the K-algebra homomorphism determined by setting

P(didjx) = Di( > dk@zx)

k+l=j



Vol. 166, 2008 PROLONGATIONS IN DIFFERENTIAL ALGEBRA 265

for all ¢, j, and x. (Of course, ¢(c) = ¢, for ¢ € K.) Moreover, it is clear that ¢
is actually a D-(K, D)-algebra homomorphism.

To prove that ¢ is an isomorphism, we define a homomorphism ¢ : S — R
and show that they are inverses of each other. Let 1 be the homomorphism
determined by, for all ¢, j, and =,

W(d;0jx) = DZ-( > (1)kaalx)
ket =3
As above, one sees easily that ¢ is also a D-(K, D)-algebra homomorphism.

First, we show that ©»o¢ = Idg. It suffices to calculate this on the generators,
dl(SJZL‘

¥ o ¢(d;id;x) < > dkalz> = ( > w(dkalz)>

k+l=j k+l=j

:Di( Z;Dk( > (—1)“Da6bx))
- +Dl(jz( >« 1)“DaDk5bx))

= a+k=j5—b
J

= d;6;x + Di<z < > (=1 jbabx)) = di0;x

b=0 a+k=j—b

using the identity (1 —1)" =37 ((=1)'(}) =0, for n = j — b. Next, we show
that ¢ o ¢ = Idg, arguing again only on generators.

¢ 0(d;0jx) = qb(Di > (—1)’ka61$) = Di( > (—1>’“Dk¢(6l:c>)

k+l=j k+l=j
= D,L< Z (71)ka Z Daabx)
k+l=j a+b=l
)+ (Z > (=1)*DyD, ab:c)
b=0 k4+a=j—0b

Jj—1

j—=b
d8x+<zz J babz>di8j:r
b=0 k=0

k=
This completes the proof for A a polynomial ring. We now consider the
general case B a K-algebra, B = K|[%|/I, I an ideal. By Corollary 1.24
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and the analogous result in Vojta, one gets the following description of U :=
HSIO{OSm/(K o)/ (K.D)* (We change the notation slightly, adding dy and 9y as ‘iden-

B
tity functions.”)

U = K[d;idjz]o<io<j<meez/(didj fo<io<i<m,rer
For a polynomial h € K[Z], the expression d;d;h should be considered short-

>V,

specified inductively as follows.

di(SjC = (ler])Der] (C) for ¢ € K,

did;(f + g) = did; f + did;g;

di(sj(fg) = Zs+t:i (Zk.:,_l—j (ds5kf)(dt5l9)>-
Likewise, we get the following description of V' := HS%OS}?/K /(K.D)

In V, d;é;h is defined as in U, except that for ¢ € K, d;0;c = 0 for j > 0, and
d;0;c = D;c for j = 0.

Rings U and V are quotients of R and S, defined above, U = R/J and
V = 5/L, where J and L are the ideals from the definitions of U and V. We
claim that the isomorphism ¢ from R to S naturally induces an isomorphism
from U to V. To prove this, it will suffice to show that ¢(J) C L and ¢(L) C J.
This follows immediately from the next two claims.

CrLAamM 1. 1: For each polynomial h € A and d;0;h € R,
o(d;d;h) = DZ( > dkalh).
k+l=j
CLAIM 2. 1: For each polynomial h € A and d;0;h € S,
W(d;0;h) :Di( > (—1)ka51h).
k+l=j

Proof of Claim 1. Since all maps being considered are additive, it suffices to
consider the case h a monomial, h = ay, a € K and § = (y1,...,Yn). We
introduce the following multi-index notation. A multi-index a, (3,7, etc.) is a
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sequence of non-negative integers, &« = (aq,...,a,). We say that the length
of a is n, and write ) o for -, .

Using the (generalized) product rule, we can now give an explicit definition,
in R, of

d;8;a7y = Di< > m&y) = Di( > Dia- ( Y Gy '6anyn>)
k—+l=j k+l=j lal=n,>" a=l
Likewise, there is an analogous definition for elements of the ring .S.

diéjay = Dz <a' ( Z 5a1y1 5anyn))

lo|=n,3" a=j
We now calculate ¢(d;6;h) and D;(3°, ,;—; dkOih) to show they are equal.
Thus

¢<Di5ja§) =¢<Di<kzj;oDk‘" < > 6a1y1---5anyn)>)

lal=n,Y a=j—k

o(Ee (5 Aem )

lal=n,3" a=j—k

J
Di<ZDka~< > dﬁlawylmdﬁna%yn))

al=n,5 a=j—

k=0 IBl=lv|=n,2 B+ y=i—k
and
Di< > dlamay>
l+m=j
J
—Di(ZDl(a acnyl"'aanyn))
| l

:Di(zj: > Dia- (Dm > aalyl---aanyn))

lal=n,¥ a=j

J
:Di(ZDka' ( Z d;;l@wyl---dgn@%yn)).

1Bl=IvI=n,2 B+ v=i—k
This completes the proof of Claim 1. |
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Proof of Claim 2. Again we can assume that h is a monomial, h = a7, a € K,
and ¥ = (y1,...,Yn). We want to show that ¢ (d;0;ay) equals

D Z Dkél ay)
k+l=j
We calculate

’L/) (leJc@) = aDﬂ/} (635) = aDl’lb( Z 5a1y1 N 6anyn)

le|=n,3" a=j

= aDi( Z Z (_1)kd516’)’1y1 T dﬁn,é'}’nyn)

k+1=718|=[v|=n,3 B=k > a=l

aDz-< > (1)ka51y>

k+i=j
and
D1< Z (1)ka51a§)
k=3
:Di( Z (_1)s+luDs(Sta : Duévy)
st+t+utv=j
aDi< > (1)“Du6vy)+Di > ( > (1)5+uD55ta.Du5vy>
utv=j utv<j *st+t=j—(utv)
utv=j
1220 S (SIS SN CINCOPRIRE )
utv<j s+t=j—(utv)
:aDi( > (-1)"Duby
utv=j
J (u+v)
+D; Y (( ) j<u+v>a'Du5v?)
ut+v<j s=0
(ID1< D 51}?/)

utv=j
This completes the proof of Claim 2. |

This also completes the proof of the Proposition. |
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The proof of the Theorem is completed. |

Remark 3.12: Our original definition of ¢ was
W (d;0;) ( Y (=) m)

k+l=j weP[k]
where P[k] is the set of ordered partitions 7 of k, that is, 7 = (a1,...,a,) €
(NT)", with 327, ap = k and Dy = Dg, 0+ -0 Dg,,. The length of 7 is denoted
|r|. This is the formula one finds if one inverts ¢ ‘by hand’ on examples with
i,7 small. Later, we observed that the following lemma yields the definition
that we gave above,

’(/)(dl@].r) = Di( Z (—1)ka(Sll').
k+l=j
Definition 3.13: Given k € N*| define a function, ‘multinomial’, p : P[k] — Nt
by
wla, ... an) = (al,,?,an) =
One can easily check that D, = u(m)Dy.
LEMMA 3.14: For all k € N*,
> (=Dl = (-1
wEPk]

Proof. By induction on k. It will be helpful to stipulate that P[0] := {0},
|0] = 0, and u(@) = 1. The case k = 1 is obvious, so assume the lemma holds
up to k — 1.

Given a partition m € P[j], * = (a1,...,an), and i € NT_let 7 x (i) denote
the partition (a1, ...,am,%) € P[j +i]. Note that u(r * (i)) = (jﬂ)u(w).

k
S =Y Y o) =) Y )

wEPk] 1=1 me P[k—1] =1 w€P[k—i]
k ) k
== (EDT =DM 0=
i=1 i=1
= (-1)* [

Remark 3.15: We now explain the geometric intuition behind the proof of the
preceding proposition. Recall that by the characterizations of jet spaces and
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prolongations via representable functors, we have the following natural bijec-

tions,
Homg (Spec K, J (X)) ~ Homg (Spec Ky, X)
Homg (Spec K, P, (X)) ~ Homg (Spec K, X)

where, for example, Homg (Spec K, J,,(X)) is the set of K-rational points of
Jm(X). By Proposition 1.14, there is an isomorphism ¥ from K, to f(m SO
there is a corresponding isomorphism ¥’ from Spec K,, to Spec K,,. Thus, ¥’
induces a natural bijection from Homp (Spec K,,, X) to Homp (Spec f(m,X),
and thus between the K-points of J,,(X) and P, (X). When one computes
this map in local coordinates, one gets the morphisms from the proof of the
preceding theorem.

We illustrate this for X = Al = Spec K[z]. First, we reformulate everything
in terms of K-algebras. We have J,,,(X) = Spec K[Ooz, . .., O0nz] and Pp(X) =
Spec K|[doz, ..., dmx] and the following bijections.

Hompg (K[0ox, ..., 0mz], K) ~ Homg (K|[x], K,)
Hompg (K[boz, . .., 0mz], K) ~ Homg (K[z], K,)
An m-jet, (ag,...,am) € Jn(X), corresponds to the map
frx—ag+art+- 4+ ant™ € Homg (K[z], Kp,),

which corresponds to the map F' € Homg (K[dox, . . ., Omx], K), where F(0;x) =
a;. Composing f with the isomorphism ¥ : K, — f(m, one gets the map

g:T— ag+ (D0a1 + Dyag)t+ -+ ( Z Djak)ﬁm € HomK(K[l'];f(m)a
Jjt+k=m

which corresponds to G € Homg (K [0z, . .., dmz], K, where
G(dizx) = Z Djay.
jk=i

Thus, the bijection above between K-points of J,,(X) and P, (X) sends
(ag, ..., am) € Jn(X) to (a9, Doar + Diag,. .., ZjJrk:m Djay) € Pp,(X). This
‘differential map’ from J,,,(X) to P, (X) corresponds to the algebraic morphism
from Poo(Jm (X)) to Poo(Prn(X)) given in the proof of the above theorem by
the map ¢.
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4. Multiple derivations

We now develop the theory of prolongations over a differential field with finitely
many commuting derivations. In characteristic p > 0, Okugawa [Oku87] devel-
oped differential algebra over fields with commuting higher derivations. More re-
cently, differential Galois theory for such fields has been investigated by Matzat
and van der Put [MvdP03]. Ziegler [Zie03] has shown that the model comple-
tion of the theory of n commuting Hasse—-Schmidt derivations is a definitional
expansion of the theory SCF), ,,, the theory of separably closed fields of char-
acteristic p and degree of imperfection n. Kolchin [Kol73] considers differential
fields with commuting derivations, mostly of characteristic 0. Moosa, Pillay,
and Scanlon [MPS07] study the model theory of characteristic 0 differential
fields with n commuting derivations. Since we will consider rings (fields) of
arbitrary characteristic, the results in this section essentially apply to all of the
above contexts.

Of course, it would have been possible to consider multiple derivations from
the beginning. But it is easier to see the theory developed for one derivation
first. The general theory is then quite similar.

Definition 4.1: For n € N, a ring with n commuting (higher) derivations is
a ring R and a sequence, D,,...,D,,, of iterative derivations on R, D, =
(Di0,Din,...), for i <mn, such that for all ¢, j,k,l, D; ;0 Dj; = Dj;0D;y.
We also add symbols for ‘mixed’ derivatives. An n-multi-index « is a sequence
(a1,...,a,) of non-negative integers. For each n-multi-index «, we add an
operator Dy, such that Dy = D1, 00Dy q,. So D; ; = Dy, where o is the

multi-index with a j in the ¢-th place, and 0’s everywhere else.

A ring with n commuting derivations will be written (R, D) when there no
chance of confusion. These will also be called D-rings.

Given an n-multi-index «, the size of «, written |/, is the sum ag +- - -+ @y,
We will sometimes write @ < m for |a] < m. There is also a natural partial
order on n-multi-indices, where a < § if and only if for all ¢ < n,a; < 3;. We
also writes 0 for the multi-index that is a sequence of 0’s. Note that Dy = Idg.

Composition of mixed derivatives is completely determined by the iteration
rule for each derivation, and the fact that the derivations commute.
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LEMMA 4.2: Let (R,D) be a D-ring, and let Do, Dg mixed derivatives, o =
(ala"'aan)’ 6 = (617"'7571)'
D, o Dﬁ — (OtlJrﬂl) . (Dthrﬂn)DoH_B

One also has the following generalization of the Leibniz Rule.

PROPOSITION 4.3: Let (R,D) be a D-ring. Then for any multi-index « and
any a,b € R,

Da(ab)= 3 Dy(a)D,(b)

Bry=a
Proof.
Da(ab)
=D, 0 0Dy 4, (ab)
=Dia, 00D 10, ( Z D, (a) Dy, (b))

Bnt+yn=an

= ) (D 00 Dy, (D g, (@)D, (b)) )

Brnt+rn=an

= Y ((Z Puno o Pun@ Py oo Dur, )

Bit+vi=a1 Bnt+yn=an
= Z Dg(a)D~(b)
Bt+vy=a

Remark 4.4: One sees this rule, for example, when taking Taylor series of holo-
morphic functions of n variables. Given functions f and g, the Leibniz Rule
computes the coefficent of 2% in the Taylor series of fg from the coefficients of
the Taylor series of f and of g.

Commuting derivations behave well under localization.

LEMMA 4.5: let (R, D) be a D-ring, with n commuting derivations, and S C R
a multiplicative subset. Then the unique extensions of each of the derivations
on R to S™'R also commute.

Proof. See [Oku87], Section 1.6, Corollary 1. n
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Definition 4.6: Let (R, D) be a D-ring. Given (R, D)-algebras f : R — A and
B, a higher derivation of order m from A to B over (R,D) is a set of
maps {D, : @ < m} such that Dj is an R-algebra homomorphism, the D, are
(additive) abelian group homomorphisms, and

(1) Da(f(x)) = Do(f(Da(x)));

(2) (Leibniz Rule) Dqo(ab) =3 5, _, Dg(a)D(b), for all a,b, € A, <m.

Definition 4.7: Let (R,D) be a D-ring, f : R — A an (R, D)-algebra. Define
HSZ/( r,p) t0 be the A-algebra that is the quotient of the polynomial algebra
A[z(”‘)]zeA@#aSm by the ideal I generated by:

(1) (@+y) @ —2® -y 2y e 4,04 a<m;

(2) ()@ =34 2@y izy € A,0# a<m;

(3) f(r)® — f(Da(r)) :7 € R,0# a <m.

In A[z(®)], we identify z € A with (. There is a universal derivation d =

{da :a <m}: A — HSY) g p) such that for a« <m and z € A,du(z) = z(),

Remark 4.8: As before, for m = oo, because (R, D) is an iterative D-ring, there
is a canonical way to make HSY)  p) into a D-(R, D)-algebra.
Extend d : A — HS}) (g p) to an (iterative) higher derivation on HSY)(x p)
by letting
da(x(ﬁ)) — (a1+ﬁ1) .. (anatﬂn)x(aw)_

o
Definition 4.9: Let (R, D) be a D-ring with n commuting derivations. Let
R — Rlt1,...,ta]/(t1, ..., ty)™ Tt for m < co
"\ R[[t,...,t]] for m = oo

For a multi-index a, write t* as shorthand for ¢{* - - - t&. For each m, we define
the twisted homomorphism e : R — R,;, by
e(r) =Y Da(r)t*,
a<m

Let R™ be the R-algebra isomorphic to R, as a ring, and made into an R-
algebra via the map e: R — R,,.
Likewise, given an (R, D)-algebra f : R — B, let

By = Blt1,...,tn]/(t1, ..., ty)™ ",
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for m < 0o, and By = BJ[t1,. .., ts]]. Define f : R — By, by
Fr) = 3 F(Datr)ee.
a<m

and let Bm be the (R, D)-algebra that is the ring B,, with the map f :R— B,,.

That e and f are actually homomorphisms follows immediately from the
Leibniz Rule. One also has the following converse, whose proof is immediate.

LEMMA 4.10: Let R be a ring and let f : R — R, be a ring homomorphism,
which we write
FO) =" falb)te.
a<m
Suppose that fy = Idg. Then the maps {fo : &« < m} are a higher derivation
on R.

PROPOSITION 4.11: Let (R, D) be a D-ring with n commuting derivations. For
all m, R,, and Rm are isomorphic as R-algebras.

Proof. The idea of the proof is the same as for Lemma 1.14. We first treat the
case m < 0o. Let 1) : Ry, — Ry, be the map ¢(r) = e(r) =3 D, (r)t*, for
r € R, and ¢(t;) = t;, for i < m. This is clearly a homomorphism, so it remains

a<m

to check that v is injective and surjective.

Linearly order the n-multi-indices of size < m, aj,...,ar such that, for all
i, <k, |ag| < |oy| implies i < j. Let b€ Ry, be b=3"_ _  bat*, and suppose
that ¢ (b) = 0. We will show b = 0 by showing that each Eai = 0, by induction
on 7.

() w( > bata> =D vba)t* =) ( > Dﬁ(bv)ta)
asm asm as<m *fB+y=a
By assumption, each coefficient Zﬂ+’y:a Dg(bg) of t* is 0. For the base case,
a1 = 0, the constant term, that is, the coefficient of 0, is 0 = Dy(bg) = bg-

By induction, suppose that for all j <4, by; = 0. The t*+! coefficient of
V(b)is 0=2"5 4., Ds(by) = D5(ba,,,) = ba,,, because for 8+~ = a1,
if 8 # 0, then |y| < @41, so by = 0, by the induction hypothesis.

To show that ¢ is surjective, it suffices to show that for each v € R, r € Ry, is
in Im(¢). For fixed r, we iteratively define a sequence, cg, c1, . . ., ¢k, of elements
of R,, with the following properties. One, for all ¢+ < k, the constant term of
¥(c;), as a polynomial in the ¢;, is r. Two, for ¢ > 1, and 1 < j < 4, the
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coefficient of t*7 in ¢(c;) is 0. Then ¢ (cy) = 7, as desired. Set ¢g = r. For
the iterative step, suppose that cy,...,¢; have been defined, and that ¢ (¢;) =
r+ Zi+l§j§k ao; 1. Let ciy1 = ¢ — G, , 1%, Clearly, this procedure yields
such a sequence.

For m = oo, given the isomorphisms v; : R; — R, i < oo, it suffices to
note again that Re and R. are the inverse limits of {R;}i<co and {Ri}Km,
respectively. The required isomorphism 9o : Roo — ROO also sends r € R to
e(r), and sends each ¢; to t;. |

The next two results are proved in the same way as Proposition 1.18 and
Lemma 1.19, respectively.

PROPOSITION 4.12: Let (R,D) be a D-ring, and R — A and R — B be
(R, D)-algebras. Given a higher derivation 0 € Der( p)(A, B), there exists a
unique (R, D)-algebra homomorphism, ¢ : HST/(RQ) — B such that for all
a<m, 0, = ¢pod,. Thus HSZL/(RQ) (together with the universal derivation
d: A — HS'%) (g p)) represents the functor Der('y p)(A, —).

LEMMA 4.13: Let (R,D),R — A,R — B, and m be as above. Given ¢ €
Der&?g)(A,B), deﬁIZe amap ¢ = ¢5 : A — B, by ¢(a) = Zagm 0o (a)t®.
Then ¢ € Hompg(A, B,,) and the map
0+ ¢ : Der(g py(A, B) — Homp(4, B.)
is a bijection.
The next corollary is the key result in characterizing prolongations in terms
of representable functors, as in Buium.

COROLLARY 4.14: There is a natural bijection
HomR(HSZI/(R_’Q)7 B) — Hompg(A4, Bm)
Proof. Immediate from Proposition 4.12 and Lemma 4.13. |
The following results are proved as in the case of a single derivation.

PROPOSITION 4.15: Let (R,D) be a D-ring, Algy be the category of (R, D)-
algebras, and D-Algy be the category of D-(R,D)-algebras. Let U be the
forgetful functor D-Alg, — Algp. Then the functor F : Algp — D-Algp,
sending A to HSY) (g p), is the left adjoint of U.
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PROPOSITION 4.16 (Second fundamental exact sequence): Let (R, D) be a D-
ring and R — A — B a sequence of ring homomorphisms. Assume that A — B
is surjective, and let I be its kernel. Let J be the ideal in HSZ/(R,Q) generated
by {dox : o < m,x € I'}. Then the following sequence is exact.

0 — J — HS%)rp) — HSp/r.p) — 0
In the definition of J, it suffices to let x vary over a set of generators of I.

PROPOSITION 4.17: Let (R, D) be a D-ring, and A = Rlz;];er. Then HSY) (g p)

is the polynomial algebra Aldaxilicr,1<a<m.-

Remark 4.18: For m,n > 1, define ¢, ,, to be the number of n-multi-indices of
size < m. Equivalently, ¢, p, is the number of monomials in n variables of order
< m or the number of mixed partial derivatives in n variables of total order
<m.

By the previous proposition, given a polynomial ring A = R[xz1,..., 4] over
a ring R with n commuting derivations, then HSZ/( r,p) 18 a polynomial ring in
g - cn,m indeterminates.

COROLLARY 4.19: Let A be an (R, D)-algebra, A = R[x;)ic1/(f;)jes. Then
HS%(r,p) = Aldazilicr1<a<m/(dafj)jes1<a<m.

4.1. PROLONGATIONS. In this section, we generalize the results of Section 2
to fields with many derivations. Almost everything goes through as before.
Assume throughout that (K, D) is a D-field with n commuting derivations.

LEMMA 4.20: Let A be a (K, D)-algebra and S a multiplicative subset of A.

There is an isomorphism
HS%/(KQ) ®A SilA — HSgilA/(K,Q).

THEOREM 4.21: Let X be a K-scheme. For all m, there exists a sheaf of O x-
algebras HS'Y )k py such that (i) for each open affine Spec A C X, there is an
isomorphism

¢4 : I'(Spec A, HSY ) (k. p)) — HS%)(k D)
of (K, D)-algebras, and (ii) the various ¢4 are compatible with the localization

isomorphism of Lemma 4.20. Moreover, the collection (HS,(x p)), (¢a)a) is

unique.
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Definition 4.22: Let X be a K-scheme. For all m, the m-th prolongation of
X is the scheme
Suppose that A is a (K, D)-algebra. We write

PT)’L(A/(K) Q)) = PnL(SpeC A/(Ka Q))a

which equals Spec HSY k p.
We will also write X™ or P, (X) for P,,(X/(K,D)).

Recall that for m < oo, Kpp=K]t1, ..., tn]/t1, ..., ™Y, Kaoe=K[[t1, ..., tn]],
and that e : K — K,, denotes the twisted homomorphism. We also let
e : Spec K,,, — Spec K denote the corresponding twisted morphism of schemes.
Given a K-scheme Y, let (Y x g Spec K,,) denote the scheme (Y X i Spec K,,)
made into a K-scheme via the map eop : (Y x g Spec K,;,) — Spec K, where
p: (Y x g Spec K,,,) — Spec K, is the canonical projection.

THEOREM 4.23: Let X be a K-scheme. For all'm, the scheme P,,(X) represents
the functor from K-schemes to sets given by

Y — Homg ((Y Xk Spec Kp,), X).

THEOREM 4.24 (Moosa, Pillay, and Scanlon): Let X be a K-scheme. For all
m,q < oo,
I (Fy(X)) = Py(Jm(X)).

Proof. Both proofs of Theorem 2.6 generalize easily. Here we only show how
to adapt the second proof. Exactly as before, it suffices to show that for any
K-algebra B, the following are isomorphic.

(Bok Kq) @k Km) 2 (Bok Kn) @k Kq)~
where K, = K[t1,...tn]/(t1, ... tn)™ T Ky = Klu, ... un)/(u, ... u,)97,

and we use e for the twisted map from K to K.
We claim any non-zero element of ((B® x K,J® x K, ) can be written uniquely
as a sum

Y. apou’@t).

a<m,B3<q
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Again, it suffices to prove this for elements of the form (b ® a1u® ® ast®). And
(b® a1u’ ® ast®) = (b® e(ag)av” @ %) =Y (b ® Dy(az)aru’ @)
v<q
= (Dy(az)arb @ vt @ t*)
7<q
as desired. Secondly, observe that this also holds in (B ®x Km) @x Ky), as
(b® a1t ® asu?) € (B @Kk Km) @k K;) equals (ajasb ®t* @ ub).
Define
0:(B®k K@k Km) — (B®xk Kin) @k Kq)
by (b @ v’ ®t*) = (b®t* @ u?). Tt suffices to show that @ is K-linear and
surjective. Let c € K, (b®@u” @t*) € (B ®K K,) @K K). Then
c-(beu’ ®t*) = (Dy(eh@u’tT @),
v<q
and
(L Drtere wt @)} = S0y (b 1t @)
v7<q =g
=> (b@t* @ Dy (cu)
v<q
= (b®t* @ e(c)u)
=c-(bat*®u?).
This proves K-linearity.
To prove that 6 is surjective, it will suffice to show that for all ¢ € K, that

(1®1®c) e ((B®k Kn) @k K,)is in the image of 6. The rest follows easily.

By Proposition 4.11, we can write cas ¢ =Y, e(c,)u?, so we get that

1®1®c) = (1®1®Z€(Cv)“7) :Z(e(cv)@)l@u”).

Thus
G(Z(e(cv)@)tﬂ@)l)) =(1®1®c). n

7<q
Remark 4.25: Let X be a K-scheme. As in Remark 2.8, for 0 < m < n < oo,
the canonical maps fmn, : HSY)(x py — HS% (x p) determine a directed system
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of morphisms
Fnn + HSX) (k.p) — HSX/(k D)
In terms of schemes, the f,,, give morphisms
Tnm * Pp(X/(K, D)) — P (X/(K, D))

which also form a directed system. Exactly as above, we also have

HSY) (xe,p) = lim HS'y (. p)
€N
and
iEN
FUNCTORIAL PROPERTIES. There are many functorial properties of these con-
structions, precisely as discussed on page 257.

LEMMA 4.26: Let A be a (K, D)-algebra, (K', D) a D-extension field of K, and
A" =A@k K'. Then HSY, )k py = HSY (k. p) @k K' as A'-algebras.

Proof. Let ¢ be the map from HSY x py to HS%)x py @K K’ that sends
da(a®c),a <m,a€ Ac€ K, to) 5, 1 (dga®1)(1® Dyc)). It is clear that
¢ is an isomorphism. ]

COROLLARY 4.27: Let (K, D) be a D-field, and let (K', D) be a D-field exten-
sion. Then for all K-schemes X and all m,

P (X Xk Spec K') = P,,(X) x ¢ Spec K.

As above, if f : X — X’ is a morphism of K-schemes, then there is an induced
map P (f) : Pn(X) — Pn(X’) between their prolongations.

LEMMA 4.28: Let X, X' be K-schemes, and f : X — X' a closed immersion.
Then P,,(f) : Pn(X) — P (X') is also a closed immersion.

PropPOSITION 4.29: Let f : X — Y be an étale morphism of schemes over a
D-field (K, D). Then for all m,

P(X) = X xy Pp(Y).

Remark 4.30: Notice by Remark 4.18 that for any ¢ and any m < oo, dim(P,, (A?))

={q - Cnm-
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PROPOSITION 4.31: Let X be a smooth scheme over the D-field (K,D) of
dimension q. Then for all m, P,,(X) is an AT“~m-bundle over X. (That is, X
can be covered by open sets U such that P, (U) 2 U x g AT,

Proof. By hypothesis, X — Spec K is a smooth map, so, by [EGA], this implies
that there is a covering of X by open sets U;, such that for all ¢, the following

diagram commutes

|

K—>K
and g; is étale. By the previous proposition, P,,(U;) = U; x A?°m  as
desired. |

COROLLARY 4.32: Let X be a smooth scheme over the D-field (K, D) of di-
mension q. Then for all m, Py, 1(X) is an A4(nm=¢nm-1)_bundle over P,,(X).

4.2. D-ScHEMES. We generalize material from Section 3, which is straightfor-

ward.

Definition 4.33: Let (K,D) be a D-field. A D-scheme over (K,D) is a K-
scheme X such that Qx is a structure sheaf of D-(K, D)-algebras. A morphism
of D-schemes is a morphism of R-schemes such that the map Oy — f.Ox is a

map of sheaves of (R, D)-algebras.

PROPOSITION 4.34: Let (A,D) be a D-(K,D)-algebra. There exists a D-
scheme X = D-Spec(A, D) such that, forgetting the D-structure on X, X is
isomorphic to Spec A.

PROPOSITION 4.35: Let (A, D) be a D-ring, and (X,0x) a D-scheme. Then
there is a bijection:

X : Homp_gen (X, Spec A) — Homp_ging (4, T'(X, Ox)).
Remark 4.36: Let X C A7 be an affine K-scheme,
[(X,0x) = K(ziliz1,....q/ (f5)je-
For all m < oo, P, (X) is the closed subscheme of

ATCnm — SpeC(K[Dazi]izl,.,.,q,agm)



Vol. 166, 2008 PROLONGATIONS IN DIFFERENTIAL ALGEBRA 281

with

L(Pn(X),0p,,(x)) = K[Dawili=1,....qa<m/(Dafj)jea<m-
(This follows from Proposition 4.19.) In particular, for every closed point
(a1,...,aq9) € X, the point (Da@;)i=1,....q,a<m is in Py (X). The canonical
projection from P,,(X) to X maps a closed point (a; o )i=1,....q,a<m to its first
q coordinates, (@ 0)i=1,....q-

PROPOSITION 4.37: Let (K, D) be a D-field. The prolongation functor, that
takes a K-scheme X to the D-scheme P, (X), is the right adjoint to the forgetful
functor Y — Y" from D-schemes to K-schemes.

As before, if X is a D-scheme, we define a K-rational point of X to be
a D-scheme homomorphism from D-Spec K to X. Of course, a D-morphism
f+ X — Y naturally induces a map between their K-rational points. The pre-
vious proposition immediately implies that there is a natural bijection between
K-rational points of X and of Py (X).

Definition 4.38: Let X,Y be K-schemes, and f : Pso(X) — Pso(Y) be a D-
morphism. The natural bijections
X : Homg (Spec K, X') — Homg p)(D-Spec K, Pso (X))
and
¢ : Homg (Spec K,Y) — Hom g py(D-Spec K, Poo(Y'))
and the induced map
fr Hom g p)(D-Spec K, Poo (X)) — Hom g, py(D-Spec K, Poo (Y'))

determine a (set theoretic) map from K-rational points of X to those of Y,
given by ("1o foy.

A D-polynomial map from X to Y is a map on K-rational points of the
form ¢~ o f o x, for some D-morphism f : Pso(X) — Py (Y).

Schemes X and Y are D-polynomially isomorphic if there are D-polynomi-
almaps f: X - Y and g: Y — X such that go f =Idx and fog=Idy.

Remark 4.39: Let X = Spec(K [xi]i<q/(fj)jes), so that
POO(X) = SpeC(K[daxi]igq,a<oo/(fj)j€(l)~
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The bijection x takes h € Homg (Spec K, X), which is determined by (b;)i<q =
h(z;i)i<q to H € Homg py(Spec K, Poo (X)) determined by (Dab;)i<qa<co =

H(dazi)igq,a<oo-

PROPOSITION 4.40: Let X be a K-scheme, and m < oo. There exists a D-
polynomial map V,, : X — P,,,(X) that is a section of the canonical projection
Pm : Pn(X) — X.

Let f : X — Y be a morphism of K-schemes. Considering f and P,,(f) as
maps on K-rational points, the following diagram commutes.

P (f)
PnL(X) —— PT)’L(Y)

va f va

X Y

Proof. (Again, the proof is similar to the corresponding result for fields with
a single derivation.) By the adjointness of Py, (—) and (—)', there is a natural
bijection

Hom g (P (X))', Prn (X)) =~ Hom g, p) (Poc (X), Poc (P (X))).

Let f: Poo(X) — Poo(Prn(X)) be the D-morphism corresponding to the canon-
ical projection from (Ps(X))' to P, (X), and let V,, be the D-polynomial map
corresponding to f. We show that V,, has the desired properties.

It suffices to check locally, so suppose that X is given as Spec(K [z;]i<q/(f;) je)-
By Remark 4.36,

P (X) = Spec(K [daila<m,i<q/(da fj)a<m,jer)
Py (X) = SpeC(K[daxi]a<oo,i§q/(dafj)u<<>o,j€J)
Poo (P (X)) = Spec(K[dgdatila<m,p<oo,i<q/(gn)neH)

where (gp)nen is the ideal generated by (dgda f})jeJa<m,i<co- The D-morphism
from Py (X) to Ps (P (X)), corresponding to the projection morphism from
P (X) to P, (X) is determined by the D-algebra homomorphism

K[dﬁdaxi]u§7n,ﬁ<oo,i§q/(gh)hEH — K[daxi]a<oo,i§q/(dafj)a<oo,j€.]

such that

(X1+51) . (an+ﬁn

dﬁdaxi F—>( a n )daJrﬁzi.
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One can then see that this determines the D-polynomial map from X to P, (X)
that takes the closed point (a;)i<pn t0 (Da@Gi)a<m,i<n. By Remark 4.36, this is
a section of m,,.

Next we argue that P, (f) c Vx = Vy o f. It suffices to prove this for
affine schemes, so assume that X = Spec K[Z]/I and Y = Spec K[g]/J. Let
S = K[z]/I and R = K[y]/J, and let f also denote the homomorphism from
R to S corresponding to f : X — Y. A K-rational point of X corresponds to
a homomorphism ¢ from S to K, which is determined by the image of T, so we
think of a K-rational point as a tuple @ = ¢(Z) of elements of K. Also, P,,,(X) =
Spec HSY) (k p) is affine, and HSg) k p) is generated by (da®)zez,a<m- We have
seen that Vx(a) = (@, D1(a),...,Dmn(a@)). To be more precise, Vx(a) is the
K-rational point of P,,(X) that corresponds to the map that sends d,z €
HSS)(k,p) to Da(g(z)) € K, for each z € T, < m.

Let f(@) =beY,b=(go f(y))yey- Again, Vy(b) = (b, D1(b), ..., Din(b)).
As a map of K-algebras, P, (f) is the map that sends d,y to d,f(y), for
y €Y, <m. Thus,

Po(f)(@ D1(@), ..., Dm(@)) = (b, D1(b), - -, Din (D))

as desired. [ |
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